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Roughness exponent in two-dimensional percolation, Potts model, and clock model
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~Received 22 January 2001; published 29 May 2001!

We present a numerical study of the self-affine profiles obtained from configurations of theq-state Potts
~with q52,3, and 7! andp510 clock models as well as from the occupation states for site percolation on the
square lattice. The first and second order static phase transitions of the Potts model are located by a sharp
change in the value of the roughness exponenta characterizing those profiles. The low temperature phase of
the Potts model corresponds to flat (a.1) profiles, whereas its high temperature phase is associated with
rough (a.0.5) ones. For thep510 clock model, in addition to the flat~ferromagnetic! and rough~paramag-
netic! profiles, an intermediate rough (0.5,a,1) phase—associated with a soft spin-wave one—is observed.
Our results for the transition temperatures in the Potts and clock models are in agreement with the static values,
showing that this approach is able to detect the phase transitions in these models directly from the spin
configurations, without any reference to thermodynamical potentials, order parameters, or response functions.
Finally, we show that the roughness exponenta is insensitive to geometric critical phenomena.

DOI: 10.1103/PhysRevE.63.066133 PACS number~s!: 05.10.2a, 05.50.1q, 05.40.2a, 05.70.Fh
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I. INTRODUCTION

In the past decade, the formation of rough surfaces un
far-from-equilibrium conditions has been a central theme
statistical physics. The application of self-affine fractals a
scaling methods was essential to the progress that has
made towards the understanding of these nonequilibr
phenomena. Within this context, the standard tools use
describe various self-affine structures observed in disord
surface growth are the roughnessa and the growthb expo-
nents @1–3#. The central goal of this approach is provid
information about the correlations between fluctuations o
space and/or time varying property. Theoretical modeling
self-affine growth processes frequently used some of
models investigated in critical phenomena, e.g., directed
colation, random field Ising@1#, and sine-Gordon models@4#.
These efforts faced an old problem: thirty years after
renormalization group theory of critical phenomena, t
quantitatively accurate prediction of the location and char
teristics of phase transitions still constitute a challenging
controversial question@5#. This is particularly true when one
considers systems with random quenched disorder~e.g., ran-
dom field Ising and Potts models, spin glasses, and struc
glasses@6#!, which exhibit nontrivial features such as e
tremely slow dynamics, aging, ergodicity breaking, comp
energy landscapes, etc.

On the other hand, the inverse problem, i.e., using
roughness exponents to study the main features of the p
diagram of equilibrium spin models, has not been explo
much up to now. In 1997, de Saleset al. @7# mapped cellular
automata~CA! configurations on solid-on-solid-like profile
and used the roughness exponenta to classify the elemen
tary Wolfram CA rules. Later, they also showed that th
exponent could be used to detect the frozen-active trans
in the one dimensional Domany-Kinzel CA~DKCA! @8#
without any reference to order parameters or response f
tions. As we mentioned before, beyond the roughness e
nenta, the growth exponentb is another critical index used
to describe roughening processes in the surface growth
1063-651X/2001/63~6!/066133~6!/$20.00 63 0661
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text. Recently, Atman and Moreira@9# determined the expo
nentb for the growth process generated by the spatiotem
ral patterns of the DKCA. The value ofb exhibits a cusp at
the frozen-active frontier and, if one observes the differen
configuration between two DKCA replicas, also at t
active-chaotic critical frontier. The advantage of this meth
in finding the phase diagram of the DKCA is that it is n
necessary to wait until the system ‘‘thermalizes,’’ a proce
that often expends a lot of computational time.

In this paper we extended the roughness exponent an
sis to other standard models of statistical mechanics. Spe
cally, we study theq-state Potts model~with q52,3, and 7!,
the simplest locally interacting statistical model exhibitin
both first and second order static phase transitions. We s
also thep510 clock model for which a Kosterlitz-Thoules
type phase transition is observed. Finally, since any conn
tivity problem can be studied by starting with pure rando
percolation and then adding interactions, we apply the rou
ness method to random-site percolation.

In Sec. II we describe the models and define the mapp
between spin configurations and walk profiles. In Sec.
using the mapping between spin states and profiles, we c
acterize the phases of the random-site percolation prob
and Potts and clock models by the roughness exponena.
Finally, we conclude and indicate future directions of th
work in Sec. IV.

II. MODELS AND FORMALISM

Theq-state Potts ferromagnet consists of spin variabless i
that may take onq discrete valuess i50,1, . . . ,(q21) and
are coupled by the dimensionless Hamiltonian

2bH5K(̂
i j &

d~s i ,s j !, ~1!

whered(,) is the Kronecker delta function.
The p-state clock model is defined by the Hamiltonian
©2001 The American Physical Society33-1
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2bH5K(̂
i j &

cosH 2p

p
~s i2s j !J , ~2!

in which each spin can assumep discrete valuess i
50,1, . . . ,p21.

In Eqs. ~1! and ~2! the sums in̂ i j & run over the lattice
sites and their nearest neighbors,b51/kBT, T is the tem-
perature,K5bJ, and J.0 is the coupling constant. W
simulated the Potts model withq52,3, and 7 and the clock
model withp510 states, on square lattices ofN5L3L sites
imposing periodic boundary conditions. For updating t
spins we use a sequential Monte Carlo heat-bath proces

In random-site percolation, one randomly occupies a fr
tion p of the sites of ad-dimensional lattice (s i50, empty
site; s i51, occupied site!. When p is small, the pair con-
nectedness length scalejp is short, comparable to the lattic
constanta. However, whenp approachespc , there occur
fluctuations in the characteristic size of clusters on all sca
from a to jp , which diverges asjp;up2pcu2np. Each fea-
ture of thermal critical phenomena has a corresponding a
log in percolation, so that the percolation problem is calle
geometric or connectivity critical phenomena. For site p
colation on the square lattice the critical probability ispc
50.592 7560.000 03@10#.

In the present work we mainly focus on the numeric
study of the self-affine profiles generated from the confi
rations in the ordered and disordered phases of the Potts
clock models and in the site-percolation problem. As sho
in a previous work@8# the spin states can be mapped
random walklike profiles, and the correlations present
them can be measured using the roughness exponent.
simplest method to generate walk profiles from the spin c
figurations at a timet is a 1:1 mapping in which each spi
states i(t) is associated with a step~to the right or to the left!
of a one-dimensional walk. Specifically, to a unique sp
configuration $s1(t),s2(t), . . . ,sN(t)% corresponds to a
spatial profile $h1(t),h2(t), . . . ,hN(t)%, given by the se-
quence of the walker displacementshi after i unit steps de-
fined as

hi~ t !5(
j 51

i

r j~ t !, ~3!

wherer j5s j2(q21)/2 for theq53 andq57 Potts mod-
els, r j5s j25 (r j5s j24) if s j<4 ~if s j.4) for the p
510 clock model, andr j52s j21 for the Ising (q52)
model and site percolation.

After having obtained the profiles by these mappings,
roughness exponenta was calculated by determining the a
erage standard deviation of parts of the profiles with vari
scalese. At site i, in the scalee, the rms displacement fluc
tuation is given by

wi~N,e,t !5A 1

2e11 (
j 5 i 2e

i 1e

@hj~ t !2h̄i~ t !#2, ~4!

with
06613
e

-

s

a-
a
-

l
-
nd
n

n
he
-

e

s

h̄i~ t !5
1

2e11 (
j 5 i 2e

i 1e

hj~ t !. ~5!

The roughness in the scalee is given by

W~N,e,t !5
1

N (
i 51

N

wi~N,e,t !. ~6!

The roughnessW(e) can distinguish two possible types o
profiles. If it is random or even exhibits a finite correlatio
length extending up to a characteristic range~such as in a
Markov chain!, thenW;e1/2, as in a normal random walk
In contrast, if the profile has infinitely long-range correl
tions ~no characteristic length!, then its roughness will be
described by a power law scaling such as

W~e!;ea, ~7!

with aÞ1/2. The casea.1/2 implies that the profile pre
sents persistent correlations; i.e., a given displacement
quence~increasing or decreasing! is likely to be close to
another of the same type. On the other hand, profiles w
a,1/2 are anticorrelated, which means that displacem
sequences containing a great fraction of steps to the righ
more likely to alternate with another one in which steps
the left are predominant and vice versa. The exponenta is
restricted to the interval@0,1# and is related to the fracta
dimensiond of the profile bya522d @1,2#.

III. RESULTS

Before discussing the results, we shall give a very br
review of the equilibrium phase diagrams of theq-state Potts
andp510 clock models. The square latticeq-state Potts fer-
romagnet presents a second order phase transition forq,5
and a first order one forq>5 at the critical temperature
Tc

(q)51/ln(11Aq) ~in units of J/kB). The p-state clock
model interpolates between the Ising (p52) and the
XY (p→`) models. Forp>5 one expects the emergence
a soft spin-wave phase between the ordered, low temp
ture, and the disordered, high temperature phases@11#. For
the p510 case, the spin-wave phase is limited by the tran
tion temperaturesTAc

(p510).0.24 andTBc
(p510).1.0 @12#.

In Fig. 1 we show typical walk profiles generated by sp
configurations of the Ising model (q52). From data similar
to those in Fig. 1 for different temperatures, we obtained
behavior of the roughness exponentsa, as shown in Fig. 2,
for the Ising model withL564 and 128. These results co
respond to averages over typicallyM5100 random initial
configurations taken after thermalization. The roughness
ponent exhibits an abrupt fall froma.1.0 to a.0.5 at the
temperatureTq52.1.13 that agrees with the static critica
valueTc

(q52)51.134 . . . . As weincrease the system size w
can note that the change ofa at Tq52 becomes sharper
suggesting a step function for thea(T) curve at the thermo-
dynamical limit, and a high-temperature value of the exp
nenta tending toa50.5. Indeed, the inset in Fig. 2 show
that the widthDT5T12T2 goes to zero asN increases,
3-2
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whereDT is arbitrarily defined as the difference between t
observed upper temperatureT1 for which a.0.999 and the
temperatureT2 for which a has fallen to half its maximum
(a.0.75). We also observe that, in this same limit, the te
peratureT1 tends to the exact critical temperatureTc

(q52)

@T1(L564)51.075, T1(L5128)51.10 and T1(L5256)
51.125].

In Fig. 3 we show similar behaviors for theq53 andq
57 Potts model withL5128. The abrupt falls in the expo
nent a are located at the temperaturesTq53.0.99 and
Tq57.0.77 which are also in good agreement with the sta
critical values Tc

(q53)50.994 . . . and Tc
(q57)50.773 . . . .

The valuesa.1 observed in the low temperature phas
correspond to flat profiles reflecting the existence of lo
range order~magnetization!. In contrast, the valuesa.0.5
obtained in the high temperature phases characterize ran
walk profiles, as expected for disordered spin configuratio
Finally, any qualitative difference is observed among

FIG. 1. Walk profiles obtained from equilibrium spin config
rations of the Ising model (q52) at T51.50.Tc

(q52) and T
51.12,Tc

(q52) ~inset!.

FIG. 2. The roughness exponenta as a function of temperatur
for the Ising model with system sizesL564 andL5128. The arrow
indicates the static critical temperatureTc

(q52) . The inset shows the
behavior of the widthDT ~see text! with the inverse of the system
sizeN, indicating thata(T) is a step function at theN→` limit.
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a(T) curves across the critical surfaces corresponding
second (q53) or first (q57) order phase transitions.

In Fig. 4 we show a typical log-log plot ofW versuse for
the Ising model, whose fitted slopes give the roughness
ponent values. We observe, in general, the existence of
distinct linear portions in the curve, whose intersection po
defines a particular length scalee* . The value ofe* seems to
be a measure of the average size of the spin islands or m
netized microdomains limited by the correlation lengthj(T).
Indeed, at the ferromagnetic phase, for small scalese
,e* ) there is resolution to see the local spin fluctuatio
around the smooth profile, which leads to 0.5,a,1.0. For
large scales (e.e* ) the profile is flat and the valuesa.1
reflect the long-range order. At high temperaturese* rapidly
decreases to the lattice constanta51, which agrees with the
fact that such crossover is not observed in a random pro

FIG. 3. The roughness exponenta as a function of temperature
for the q53 and q57 Potts model withL5128. For q53 the
model exhibits a second order phase transition, and forq57 a first
order one. The arrows indicate the static critical temperatu
Tc

(q53) andTc
(q57) .

FIG. 4. A typical log-log plot ofW(e) versuse used to deter-
mine the roughness exponenta characterizing a profile obtaine
from an Ising spin equilibrium configuration forT51.10,Tc

(q52) .
We can see clearly a length scalee* that marks a change in th
slope of the fitted straight lines.
3-3
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An additional support to the relationship betweene* andj is
provided by Fig. 5, which shows thate* ~for the Ising
model! has a peak near the temperatureTq52. The height and
sharpness of this peak increase with the system size. A fi
size analysis for the Ising model shows that the maxim
value of the crossover lengthe* ~which occurs near the criti
cal point! scales linearly with the system sizeN5L2, simi-
larly to the correlation lengthj. In fact, Fig. 5 suggests tha
e* diverges atTc as e* ;(T2Tc)

2m for the Ising model.
Moreover, the behavior ofe* nearTc

(q52) is similar to the
two-dimensional Ising model correlation length, whose ex
expressionj51/(b* 2b) is known forb,bc @13# ~see Fig.
5!. Here, the dual inverse temperatureb* is given by (eb

21)(eb* 21)52.
A recent work by Kantelhardtet al. @14# provides the

strongest support of the close relation between the len
scalese* and j that we suggest here based on our limit
numerical evidence. These authors demonstrated that th
trended~trend suppressed! fluctuation analysis~DFA!, which
we used here in zero order, can detect crossovers in the
served long-range correlation behavior of data series. T
analyzed artificial data with a crossover from long-range c
relations (a.0.5) for s,sx to uncorrelated behavior fors
.sx or vice versa. Their DFA results clearly revealed t
crossover and provided estimated crossover lengthssx

(n) al-
ways larger than the realsx by a systematic deviation tha
increases with the detrending ordern. Also, the estimated
sx

(n) were less accurate fora close to 0.5. Support for ou
suggestion comes from the analogy between the artificia
ries generated by Fourier transforms studied in@14# and our
data series build from spin configurations in which only th
mal correlations, extending up to the scalej ~the correlation
length!, are present.

The existence of two distinct linear portions in the plots
W versuse is also observed in the Potts model. In Fig. 6 t
behavior ofe* as a function of temperature for the Po
model with q53 and 7 is shown. We can note the sha

FIG. 5. The characteristic lengthe* as a function of temperatur
T for the Ising model with system sizeL5128. e* exhibits a maxi-
mum around the critical temperature of the model. The solid cu
represents the exact behavior for the correlation lengthj in the
disordered phase. The arrow indicates the static critical tempera
Tc

(q52) .
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peaks around the temperaturesTc
(q53) andTc

(q57) .
In Fig. 7 we show typical walk profiles generated by sp

configurations of thep510 clock model at three tempera
tures:T50.15, located in the ordered phase;T50.40, in the
spin-wave phase; andT51.60 in the disordered one. Th
roughness exponenta as a function of the temperature fo
the p510 clock model is shown in Fig. 8. It suggests t
existence of three distinct phases, namely, a low tempera
flat (a.1) phase with long-range order and extending up
TAp510.0.25, a high temperature, disordered and rougha
.0.5) phase forT.TBp510.1.0, and an intermediate, roug
(0.80,a,0.90) phase on the temperature rangeTAp510
,T,TBp510. These transition temperatures are in go
agreement with those obtained for the static transitions
tween the ferromagnetic, paramagnetic and soft spin-w
phases of this model@12#. The behavior ofe* as a function
of temperature is shown in Fig. 9.e* (T) exhibits a sharp
peak aroundTBp510, the critical temperature separating th
paramagnetic and the spin-wave phases, as well as a su
jump nearTAp510, where the transition between the ferr

e

re

FIG. 6. The characteristic lengthe* as a function of temperature
T for the q53 andq55 Potts models with system sizeL5128.

FIG. 7. Walk profiles obtained from equilibrium spin configu
rations of thep510 clock model.T50.15 is located in the ordered
phase,T50.40 is in the spin-wave phase, andT51.60 is in the
disordered one.
3-4
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magnetic and spin-wave phase occurs. But, the main fea
of Fig. 9 is that, in the spin-wave phase (TAp510,T
,TBp510), e* has a high and almost constant value as
pected for a Kosterlitz-Thouless ‘‘critical’’ phase characte
ized by an infinite correlation lengthj at all those tempera
tures@5#.

Finally, the roughness exponent method applied to
random site percolation problem results in a constant va
a51/2 for the roughness exponent over the entire range
the probability p. This result is expected since in site
percolation a fractionp of the lattice sites is randomly occu
pied, generating random profiles in both phases. In addit
a length scalee* in the log-log plots ofW versuse, as
occurred in the magnetic models, is not observed.

IV. CONCLUSIONS

In this study we have shown that spin configurations
the Potts~with q52,3, and 7 states! andp510 clock models
exhibit distinct self-affine characteristics, measured by
roughness exponenta. The low temperature phases of th
Potts model correspond to flat (a.1) profiles, whereas the
high temperature phases are associated with rougha
.0.5) ones. For thep510 clock model, in addition to the
flat ~ferromagnetic! and rough~paramagnetic! profiles, an in-
termediate rough (0.5,a,1) phase, associated with a so
spin-wave one, is found. The transition temperatures
tween the different roughness regimes are in good agreem
with the static critical temperatures of these models. O
results show that the roughness exponent method is ab
detect equilibrium phase transitions and provides an accu
numerical determination of the critical surfaces without a
reference to thermodynamical potentials, order parame
or response functions. In contrast, the roughness expo
method applied to the random site-percolation problem
sults in a constant valuea51/2 over the entire range of th

FIG. 8. The roughness exponenta as a function of temperatur
for the p510 clock model with system sizeL5128. This model
exhibits a Kosterlitz-Thouless type phase transition atT.0.24.
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probability p, showing that the roughness exponenta is in-
sensitive to detect geometric critical phenomena.

The same analysis can be applied to damage-sprea
phase transitions by focusing on the difference configu
tions between two replicas of the system, as done by Atm
and Moreira@9#. Moreover, using the growth exponentb, we
can determine the phase diagram of spin models without
thermalization, leading to an impressive gain in simulati
speed.

We are extending our simulations in order to reliably e
timate the value of the exponentm and compare this value
with the known critical exponentsn for the Ising model. We
conjecture that the exponentm controlling the divergence o
e* is the same as the correlation length exponentn for this
model.

Another problem we can address using this roughn
method is the location of phase transitions in disorde
models such as random field and Ising spin glass models.
spin glasses, exchange~parallel tempering! techniques
greatly improve traditional Monte Carlo algorithms, but th
sizes and temperatures accessible to simulations are sti
sufficient to clearly solve several important questions@6#. In
particular, the value of the critical temperature for thed52
6J Edwards-Anderson model is controversial.

Apart from the application of the roughness method
spin models, a central issue is the nature of the relations
between the correlations measured on the spin-state pro
by thea or b exponents and the traditional two-point corr
lation functionsC(r ). We intend to examine this questio
more carefully in a future work.
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FIG. 9. The characteristic lengthe* as a function of temperature
T for the p510 clock model with system sizeL5128. The arrows
indicate the static critical temperaturesTAc

(p510) andTBc
(p510) .
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